IOP SClence jopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

A note on g-multiple zeta functions

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
2001 J. Phys. A: Math. Gen. 34 L643
(http://iopscience.iop.org/0305-4470/34/46/101)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.101
The article was downloaded on 02/06/2010 at 09:37

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/34/46
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

INSTITUTE OF PHYSICS PUBLISHING JOURNAL OF PHYSICS A: MATHEMATICAL AND GENERAL

J. Phys. A: Math. Gen. 34 (2001) L643-L646 PII: S0305-4470(01)28824-6

LETTER TO THE EDITOR

A note on g-multiple zeta functions

Taekyun Kim
Institute of Science Education, Kongju National University, Kongju 314-701, Korea

E-mail: tkim@kongju.ac.kr and tackyun64 @hanmail.net

Received 12 September 2001
Published 9 November 2001
Online at stacks.iop.org/JPhysA/34/1.643

Abstract

The purpose of this Letter is to give the value of the g-multiple zeta function
at negative integers, which is an answer to a part of the problem in a previous
publication (Kim T, Park D-W and Rim S H 2001 J. Phys. A: Math. Gen. 34
7633).
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Mathematics Subject Classification: 11S80

1. Introduction

Let p be a fixed prime, and let C, denote the p-adic completion of the algebraic closure of
Q. The p-adic absolute value in C, is normalized so that |p|, = % When one talks of
g-extension, ¢ is variously considered as an indeterminate, a complex number ¢ € C or a
p-adic number g € C,,. If g € C, then we normally assume |g| < 1, and when g € C,,, then

we normally assume |g — 1|, < pfl%-', so that ¢* = exp (x logg) for |x|, < 1. We use the

notation
X

1 - 2 x—1
[xI=1[x:¢q]l= =l+qg+qg +---+q" .

1—
In a recent paper (see [5]), we have considered the g-analogue of the multiple zeta function as
follows. For s € C, g € C with |¢| < 1, define

o h(a;+---+ay) 1— h e h(a+---+ay)
q s + q
§(h’k)(5) = E —+ (g - )——— e — )
q i [a; + - +a] 1—s al,.;;:o [ay + -+ ap]*~!

where h, k are positive integers.

However, we could not find the analogues of Bernoulli numbers which "% (s) can be
viewed as interpolating at negative integers. This left this interpolation problem open, to find
the analogues of Bernoulli numbers which C(;h*k) (s) can be viewed as interpolating at negative
integers (see [5]). This problem is of some interest in connection with speculations about the
new multiple zeta function associated with the quantization of a bosonic non-Archimedean-
valued field to be carried out in the functional integral formalism (cf [1-4]).
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In this Letter, we construct the analogues of Bernoulli numbers, which is an answer to a
part of the above problem (cf [5]).

2. On the analogues of Bernoulli numbers

In this section, we assume g € C, with [1 —¢g], < p_v%'. For d a fixed positive integer with
(p,d)=1,1let

X =X,=1imZ/dp" Z X1 =12,
X" = U a+dpZ,

O<a<dp
(a,p)=1

a+dp"7Z,=1{x e X|x=a (moddp"))

where a € Z liesin 0 < a < dp™.
An invariant p-adic g-integral on Z, of a uniformly differentiable function f was defined
by

[N]

For h, k € N = {the set of natural numbers}, we consider the analogues of Bernoulli numbers
by making use of p-adic g-integrals as follows:

ﬂm(h,k:q)=/ / f [xp 0+ "g DT dpy (k) - dpg (). (3)
Z

|t w=lin o ¥ G’ s, @)

0L j<pV

k times

Note thatlim,_,; (1, 1 : ¢) = B, where B,, are the mth ordinary Bernoulli numbers (see [7]).

Theorem 1. Form > 0, h, k € N, we have

j+h k
Bulh,k:q) = Z( )(— )’(,m]) : 4)

Proof. We see

k pN—1
< ) Z Z ap + - +ak]m h(ay+-+ag)

a;=0 a,=0

1_ k m
— Z,Ia, hzllax
_<1 )(1—q)m ]Z Z( >( e’

a;=0 j=0
1 m 1— ki — gGp" 1 — gU+p"
= Z( )( l)]< q”) 1 i+h 1 j+h
( )m p= —qgP 1— q’ 1 — q’
k times
Since lim,,_, o q”" = 1 for |1 —g|, < 1, our assertion follows. O

Let G”F (¢) be the generating function of B(h, k : ¢) as follows:

G0 =Y Bk q)— )

n=0



0 if m>1
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Thus we have
s 1 Lo/l i+ \N\ ¢
(h,k) _ 1) —
¢ (I)_;((l—qyg(i)( Y ([i+h]> )l!
_i(j+h FEn & )"ﬁ
- Li+hl) (1—q)jl = \1-q) i
, j+h )k (=17 ¢/
= el -—. 6
) ]2_(;<[j+h] (1—q) j! ©
Note that
q"G"Vgne —t =G"V ). ©)
By (5) and (7), we have
i . 1 it m=1
q" (@B, 1:q)+1)" = Bu(h,1:q) = (8)

where we use the usual convention about replacing B (h, 1 : ¢) by Bi(h,1:q) (i > 0).

3. g-multiple zeta functions

In this section, we assume g € C with |¢| < 1. To give the analogues of Bernoulli numbers
which {J"*") (s) can be viewed as interpolating at negative integers, we need to modify the

numbers B, (h, k : g) as follows:

. j+h
B,(h,k:q)= q)m+k 12( ) )J ]+l’l]k.

It is easy to see that 8,,(h, 1 : q) = B, (h,1: q).
Let F"® (¢) be the generating function of B,,(h, k : q):

F®O ) = ZBn(h k: q)—

n=0
By the same method as (6), we easily see

1 . j+h 1\ -
FOR (= — et
O =g ;[i+h]k a—1)11)°

Thus we have

by _ N IV AL
i m_2<(1 )MIZ( >( )j[j+h]k>m!

00 k m
~(@=Dm+h) Y g"E- [ a])
ap,..., ap= i=1

where [ Y5 a;]" = [a +az +- -+ a )"

&)

(10)

(11)

Differentiating both sides with respect to ¢ in (11) and comparing coefficients, we obtain

the following:
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Theorem 2. Form > 0, h, k € N, we have

0 k m—1
Bu(h.k:q)=-m Y thfl“f[Zai] — (g —Dim+h)

ap,...,ag=0 i=1
00 . k m
X Z qhz"‘a’[Zaz}
ap,...,ax=0 i=1
that is
_Bu(r.k:q) = i thf_lai[Xk:ai}m 1+ (g — 1)M
m ar,....ax=0 i=1 m
o0 . k m
x Z thi-‘“i[Zai} .
arp,....ag=0 i=1

By theorem 2, note that

By (h,k: q)
e
which is an answer to a part of the problem in [5].

g —m) =
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